Air-to-fuel (A/F) ratio is the mass ratio of air-to-fuel mixture trapped inside a cylinder before combustion begins, and it affects engine emissions, fuel economy, and other performances. Using an A/F ratio and dual-fuel ratio control oriented engine model, a multi-input-multi-output (MIMO) sliding mode control scheme is used to simultaneously control the mass flow rate of both port fuel injection (PFI) and direct injection (DI) systems. The control target is to regulate the A/F ratio at a desired level (e.g., at stoichiometric) and fuel ratio (ratio of PFI fueling vs. total fueling) to a given desired level between zero and one. A MIMO sliding mode controller was designed with guaranteed stability to drive the system A/F and fuel ratios to the desired target under various air flow disturbances. The performance of the sliding mode controller was compared with a baseline multi-loop PID (Proportional-Integral-Derivative) controller through simulations and showed improvements over the baseline controller.
INTRODUCTION
Increasing concerns about global climate changes and everincreasing demands on fossil fuel capacity call for reduced emissions and improved fuel economy. Vehicles equipped with DI fuel systems have been introduced to markets globally. In order to improve DI engine full load performance at high speed, Toyota introduced an engine with a stoichiometric injection system with two fuel injectors for each cylinder, see [1] . One is a DI injector generating a dual-fan-shaped spray with wide dispersion, while the other is a port injector. The dual-fuel system introduces one additional degree of freedom for engine combustion optimization to reduce emissions with improved fuel economy.
Using gasoline PFI and ethanol DI dual-fuel system to substantially increase gasoline engine efficiency is described in [2] . The main idea is to use a highly boosted small turbocharged engine to match the performance of a much larger engine. Direct injection of ethanol is used to suppress engine knock at high engine load due to its substantial air charge cooling resulting from its high heat of vaporization.
The control of A/F ratio is an increasingly important control problem due to federal and state emission regulations. Operating the spark ignited internal combustion engines at a desired A/F ratio is due to the fact that the highest conversion efficiency of a three-way catalyst occurs around stoichiometric A/F ratio.
There have been several fuel control strategies developed for internal combustion engines to improve the efficiency and to reduce exhaust emissions. A key development in the evolution was the introduction of a closed-loop fuel injection control algorithm [3] , followed by a linear quadratic control method [4] , and an optimal control and Kalman filtering design [5] . Specific applications of A/F ratio control based on observer measurements in the intake manifold were developed in 1991 [6] . Another approach was based on measurements of exhaust gases by an oxygen sensor and the throttle position [7] . Hedrick also developed a nonlinear sliding mode control of A/F ratio based upon the oxygen sensor feedback [8] . The conventional A/F ratio control for automobiles uses both closed-loop feedback and feed forward control to achieve good steady state and transient responses.
The control strategies, mentioned above, were mainly for PFI systems. Mitsubishi began to investigate combustion control technologies for direct injection engines in 1996 [9] . Due to the introduction of internal combustion engines with dual-fuel systems (PFI and DI), control of both A/F ratio and fuel ratio (ratio of PFI fueling vs. total fueling) became part of a combustion optimization problem in [10] .
In this paper, a control oriented nonlinear model of a dualfuel system is developed for control development and evaluation purposes, and an MIMO sliding model controller is developed to regulate the engine A/F and fuel ratios to target levels. The control strategy is validated in simulation based upon the developed dual-fuel system model. This paper is organized as follows. It begins by presenting a simplified A/F and fuel ratio control oriented model, followed by a section that describes an innovative sliding mode controller that regulates both A/F and fuel ratios to desired nonzero targets. Next, simulation results are presented, and finally conclusions are discussed.
AN A/F RATIO AND FUEL RATIO MODEL
The control problem of this work is to vary both PFI and DI fuel mass injection rates ( PFI m & and DI m & ) so that the engine A/F ratio is regulated at a desired level (e.g., stoichiometric) and the fuel ratio of effective PFI fueling,
, is maintained at a desired value as shown in Figure 1 . Note that the effective fueling for DI is equal to the injected DI fuel. 
where ω 0 is the nominal air flow and ∆ω is the air flow disturbance due to the engine operational condition changes. The fuel flow for wall-wetting dynamics from the port fuel injector is modeled by the following transfer function, from [11] , 
where α and β are selected to be 0.5 and 0.8, respectively, in this model. The fuel flow from the direct injector contains negligible dynamics.
Due to the three-way catalyst used for emission control, most engines are design to achieve a target A/F ratio around stoichiometry. For this research, we use a normalized target A/F ratio, λ target , which is defined as desired air-to-fuel ratio divided by stoichiometric air-to-fuel ratio (14.6 for gasoline). Note that at stoichiometry the normalized target A/F ratio is equal to one. The normalized A/F ratio can be expressed as:
Now, the engine equivalence ratio φ is defined as the inverse of relative A/F ratio λ and can be approximated using equations (1) and (3) below
where equation (1) is approximated by a first order Taylor expansion. For the rest of the paper, we consider only equivalence ratio control instead of A/F ratio.
The fuel ratio of the dual-fuel system is defined as the effective PFI fueling divided by total fueling. Therefore the fuel ratio, R fuel , is calculated as
Similarly, fuel ratio can be approximated by substituting equation (4) into (5), replacing the engine equivalence ratio with the target ratio. Therefore,
Although fuel ratio is not directly measureable, the total injected fuel mass rate can be estimated by using both the measured equivalence ratio The control oriented equivalence and fuel ratio model, operating at a fixed engine speed of 1500RPM, includes wall-wetting dynamics of the PFI fuel system, average DI fuel injection delay (50ms), exhaust manifold transport and oxygen (A/F ratio) sensor delay (40ms), and air flow travel delay from engine throttle to cylinder (200ms). These time delays are approximated by unitary gain first order transfer functions. The complete model is divided into three subsystems, as shown in Figure 2 , where the oxygen sensor dynamics are denoted as G1, the air flow dynamics as G2, and the fuel flow dynamics as G3. The state space equations of the three subsystems are shown in equations (7), (8) , and (9). 
and the output equations for the equivalence and fuel ratios using (10) can be approximated by
The values for the matrices of the engine model are ; 25 ; 6 . 14 ; 25 
The nonlinear state space engine model must be transformed into the regular form [12] below to apply sliding mode control.
where the forcing term of equation (13), δ(η,z), contains the disturbance input ∆ω and f a (η,z) contains the nonlinear portion of (10) . A change of variables, 
Thus, the original system (represented in the regular form) is shown in (19) and (20). It can be seen that the model contains two control inputs corresponding to PFI and DI fueling and one mass air flow disturbance input. 
SLIDING MODE CONTROL STRATEGY
Existing sliding mode A/F ratio control applications in [13] and [14] utilized the binary nature of a HEGO (Heated Exhaust Gas Oxygen) sensor to reduce its oscillation resulting from the time delay by using a dynamic, one dimensional sliding surface.
In this paper, a two dimensional sliding surface is selected to control both equivalence and fuel ratios of the dual-fuel system. The sliding surface is defined as ),
(21) where the control objective is to regulate "s" to zero by designing a feedback φ(η) such that it stabilizes equation (19). Choosing
results in the asymptotic stability at the origin for (19) and decouples the nonlinear dynamics contained in f a (η,z) from the remaining equation. The initial choice of (21) and consequently (22) was to linearize the system through feedback and achieve acceptable stabilization of (19). Also, note that the selection of φ(η) does not contain the state η 2 and removes it from having any affect on the system, which is significant since the state η 2 contained the input disturbance, δ.
The selection of the control u to cancel the known terms of the differentiation of (21) and the control input v that guarantees asymptotic stability and forces s toward zero are designed from [12] . The resulting control forces the system states onto the sliding surface in finite time and eventually brings these states on the sliding surface to zero. To achieve the desired nonzero equivalence and fuel ratios, consider where ∆η and ∆z go to zero, leading η and z converging to the target states η 0 and z 0 as time goes to infinity since the sliding mode controller regulates the states ∆η 1 , ∆η 3 ,∆z 1 , and ∆z 2 to the sliding manifold s = 0. Using these target states, η 0 and z 0 can bring the equivalence ratio and fuel ratio to any desired value. To investigate the stability of the system with these new target states, φ(η) from (22) Note that the target states η 0 and z 0 can be determined with the given input air disturbance and desired equivalence and fuel ratios. The following output equations are the result of coordinate transformation of (11) and (12) (using (15)). 
Consider the state equations (19) and (20) at steady state by setting derivative terms equal to zero, leading to the system steady-state states η and z expressed as a function of the desired output ratios and input disturbance. The target states η 0 and z 0 can be obtained with given target ratios and disturbance. The zero target state sliding mode control strategy is modified such that the closed-loop system converges to the desired target states, see Figure 3 . --
where ε is a positive constant. Substituting (29) into (19) yields, 
The maximum and minimum eigenvalues of X(ε) are plotted as function of ε in Figure 4 . 
FIGURE 4: MAXIMUM AND MINIMUM EIGENVALUES OF X(ε)
Define the Lyapunov function V(∆η) = ∆η T X(ε)∆η, leading to the following properties:
Therefore the origin is exponentially stable if
The stability condition will hold assuming γ η η η
for all time, where γ is a positive constant, and can be restated as: 
Equation (36) shows that if γ is small, then there exists an ε > 0 with guaranteed stability.
SIMULATION RESULTS
A MIMO PID controller was designed for comparison purposes to the nonlinear MIMO sliding mode controller. This controller cascaded two PID controllers such that the first PID is used to control the equivalence ratio and the second PI is used to reduce the fuel ratio error, see Figure 5 . The controller gains for both PID and PI controllers are shown in Table 1 . 
The gain matrix β in the sliding mode controller for each simulation was tuned such that the transient response was acceptable and it was selected as
A unitary target equivalence ratio and 60% (0.6) target fuel ratio were chosen for each simulation. Figure 6 shows the closed-loop response of the PID controller and sliding mode controller for Simulation #1. The simulation uses a constant input disturbance ∆ω of 0.1 plus 5 percent noise, adding a step input of 0.15 to the constant disturbance at the 6 th second. It also has a fuel ratio reduction from 0.6 to 0.4 at the 9 th second, and shows that the controller rejects the disturbance quickly. Figure 6 also shows the PFI and DI fuel control inputs for both PID and sliding mode controllers. It can be observed that the sliding mode controller provides quick fueling inputs of both PFI and DI systems, leading to better disturbance rejection and transient response over the PID responses. Table 2 summarizes the overshoot and settling time for both PID and sliding mode controllers. Figure 7 shows the closed-loop response of both PID and sliding mode controllers for Simulation #2. This simulation decreases the target equivalence ratio from 1 to 0.9 at the 6 th second, and increases it back to unity at the 9 th second. Again, the constant input disturbance ∆ω was 0.1 plus 5 percent noise. Figure 7 also displays both fueling inputs of PID and sliding mode controllers. Although the PID controller has a faster equivalence ratio response than the sliding mode one, it is under the penalty of the fuel ratio control accuracy (huge spike during the transition). On the other hand, the sliding mode controller provides smooth transitions for both equivalence and fuel ratios. Therefore, the sliding mode control responses are more favorable over the PID ones. Table 3 summarizes the overshoot and settling time for both PID and sliding mode controllers for Simulation #2. It is worth to noting 29% fuel ratio overshoot for the PID controller while the sliding mode controller only has 1%. Figure 8 shows the closed-loop response of both PID and sliding mode controllers for Simulation #3. This simulation has an airflow disturbance of zero and ω 0 is equal to unity, which constitutes the wide open throttle (WOT) case. The simulation decreases the target fuel ratio from 0.5 to zero (100% DI fueling).
Since the engine speed is fixed, WOT implies high engine load and the simulation shows that complete direct injection fueling can be achieved by the controller, and therefore can be used to suppress engine knock at high engine load. 
